Mathematical Induction

Applications

Let P(n) be the proposition : “The total number of segments, formed by n lines on a plane such that no
two of them are parallel and no three of them are concurrentis n?.”
For P(1), Itis clear that the number of segments formedby 1 lineis 1°=1.
Assume P(k) istrue forsome ke N,thatis,
the total number of segments formed by k linesis k? e (D
For P(k+1),
Whenthe (k+1)" line is inserted to the existing k lines (hence k?® segments by (1)), the maximum
number of lines cut by the (k+ 1) lineis k andalsothe (k+1)" lineiscutinto (k+1) more
segments. . After insertion of the  (k + 1)th line, the total number of segments
=K+ k+(k+1)=(k+1)>.

P(k+1) istrue.
By the Principle of Mathematical Induction, P(n) istrue Vv ne N.
Let P(n) be be the proposition : “The maximum number of sections cut by n linesis

n .
S, :1+E(n +1) , such that no two lines are parallel and no three of them are concurrent.”

. . . . 1
For P(1), Itisclearthat the number of sectionscutby 1 line is 81:1+E(1+1) =2.

Assume P(k) istrue forsome ke N,thatis,

. L k
the max. number of sections cut by k lines is sk:1+5(k+l) . (2

For P(k+1), Supposethereare k lines existing, therefore the number of sections = sy.
Wenowadda (k+1)" line, this line cutsthe k existing line, and (k + 1) sections are formed.
The total number of section = s+(k+1) = 1+§(k+1)+(k+1):1+%(k+ 2)

P(k+1) istrue.
By the Principle of Mathematical Induction, P(n) istrue Vv ne N.

Let P(n) be the proposition : “two colours is enough to shade the regions divided by the circles so that no
two adjacent regions is of the same colour.”

For P(1), Printthe circle with black and outside the circle with white.

Assume P(k) is true for some k € N, that is, two colours (black and white) is enough to shade the regions
divided by the circles so that no two adjacent regions is of the same colour.

For P(k+1), Given, k+1 circles in the plane, throw out one circle, call it C, and by inductive hypothsis,
colour with two colours the regions produced by the remaining k circles. Now put C back in. Some of the

regions will be split in two, others will be unaffected. Leave the colours of all regions “outside' C unchanged and



switch the colours of all regions “inside' C. This procedure produces a 2-colouring of the plane with k+1 circles.
P(k+1) istrue.
By the Principle of Mathematical Induction, P(n) istrue Vv ne N.

Asimple n-sided polygon is divisible into exactly n-2 triangles by means of exactly n-3 non-intersecting

diagonals. The result is the same for non-convex polygon. Proof omitted.

(i)  Let the length of one side of the regular polygon be ap.
Let AB=a,, AC=ay,,0A=0B=r A

We like to found are relationship between a, and ap, first. ‘ .
OD= VOA?-AD? =y/r*-(a, /2)’ \

2 2 C
DC=0C-0D= r-+/r? - (a, /2) /

aym =AC= VAD?+DC? :\/(an/2)z+[r—\/r2—(an/2)2]2 B
= \/Zr2 —ry4r’-a,’ w0 Diagram 1

Let a., be the length of one side of the regular 2"-sided polygon.

2

Let P, be the perimeter of the regular polygon

2

From diagram 2, we get a_, =~2r . P =421

2

2r
From (1), a,.=a;=a,,= \/Zr2 —ry4r’ - («/Er)z =v2-+2r r
P, =2%,=2"V2-+2r

Diagram 2
We like to use Mathematical Induction to prove that the proposition
P(n): a,, =\/2—\/2+\/2—....+(—1)”«/§r, P, =2, ..(2
istuevneN, n>2.
P(2) and P(3) are true from the above.

Assume P(k) istrue forsomek e N: a, :\/2—\/2+\/2—....+(—1)k«/§r, P.=2"a, e (3

We like to prove that the proposition is true for n=k + 1,

a,, =2, :\/Zr2 —ry4r?—a’ :\/Zr2 —r\/4r2 —(\/2—\/2+\/2—....+(—1)k\/5rj , by (3)

= \/2 — \/2 + \/2 — et (—l)k\/i r .. The proposition is true for n=k+ 1.
By the Principle of Mathematical Induction, the propositionistrue Vv neN, n>2.

(i) From(2),take r=1, limP, =length of the circumference = 2n



(iii)

(iv)

v)

LmZ”\/Z—\/2+\/2—....+(—l)”\/_=2n

n-1 times

From (i), Take r=1, ag=1, alZ:\/Z—\/4—1:\/2—\/§:%(\/€—\/§)

8, =V2-V2+4/3, a48=\/2—V2+Vz+J§, a%:\/Z—\/2+\/2+\/2+\/§
a6X2k=\/2—\/2+\/2+...+\/2+\/§ N ()]

Let S, be the area of the n-sided regular polygon. A be the area of the circle.

We can see that limS, =limS,, =A
n—oo nN—o

In Diagram 1 above,  sector AOC < AAOC + AAEC and AAEC =AADC = AAOC - AAOD

.. Sector AOC < AAOC + (AAOV - (1/2)AAOB )]
From (5) , multiply both sides by 2n, we have A< Sy, + (Son — Sh).
Obviously Syn <A, .. S;n<A<Sy+ (S-S ... (6)
ra, 1

Also, S, =nx—-=—Pr e (7

2 > 73 )
When n=96,r=1, a,=0.065438, P,=6.282048 =2 x 3.141024
Son =3.139344 Son+ (San—Sn) = 3.146064

3.139344 < 1t < 3.146064
In Diagram 1, let AB= a,, BC=a,.=2a,,
B - e fa,
From (7), S, =2"x 2 /Sy =2 X —2— ... (8)
2 2
1
~AB
. . S, la,., BD
Divide the two eq. in (*), —4*-=—-2—= 2 :—:coszDBC:cos(E—ADCB)
S,. 2a, BC BC 2
1 1 1 360° 180°
= cos(E ——(n— ABOC)) =c0s— /BOC = cos——— =05
2 2 2 2 2" 2"
. 1 1 180° 1 180°  180°
From (vi, ——=—cos = oS oS =..
2n+1 2" 2” 82"71 2”71 2”
1 180°  180° 180° 180" 1 , 45 45
=——C0S cos ...COS cos =——C0545" C0S—C0OS——...COS
2° 2° 2"t 2" 2r? 2 4 2"

Taking limit on both side as n —oo,

1 1 i 45° 45°
— = —200345 COS——COS—...
mr 2r 2 4

2 45° 45°
—=00s45° cos——Ccos—....
i 2 4



(Vi) cosds = \ﬁ cos?5 _ [Lrcosas 1 () \ﬁ
2 2 2 2 2

Fl(v ;N;(1+ Lo ;n

Let P(n) be the proposition : X\(ﬁAJ: LnJ(X\Ai) vneN.
i=1

i=1

For P(1), LHS.=X\A;=R.H.S. - P(1) istrue.
k k
Assume P(k) istrue forsome neN. e X \(OlAi) = _L_Jl(x \Ai) v (™

k+1

For P(kt), LH.S. = X\(ﬂAij:X\[(ﬁAi)ﬂAm}=(X\irk]lAi)U(X\AM) by (%)

=[Q(X\Ai):|U(X\Ak+1)=lq(X\Ai) =R.H.S. o P(k+1) istrue.

By the Principle of Mathematical Induction, P(n) istrue Vv ne N.

n 1 ! _l n
Let P(n) be the proposition : d_( ]_ n'(=1)

dx" (1+x) (1+x)™
For P(1), i( ! )z_ 1 > - P(1) istrue.
dx \1+x (1+x)
_ _ d“ (1 Kl(—1)¢
Assume P(k) istrueforsome neN. ie. —( )= ( Zﬂ *)
dx“\1+x/) (1+x)

S dk”( 1 ) d {i{ 1 H_ d Ki(-1)" by (4

dx“ \14x) dx[dx*\11x/] dx 1+ %)

0—kI(-1)" —(@+x)*
_ dx

_—KED (k@) (kD=1
(l+ X)Z(k+l) (1+ X)Z(k+l) (1+ X)k+2

P(k+1) istrue.

By the Principle of Mathematical Induction, P(n) istrue Vv ne N.
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